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ABSTRACT
Planetary systems with more than two bodies will experience orbital crossings at a
time related to the initial orbital separations of the planets. After a crossing, the
system enters a period of chaotic evolution ending in the reshaping of the system’s
architecture via planetary collisions or ejections. We carry out N-body integrations
on a large number of systems with equally-spaced planets (in units of the Hill radius)
to determine the distribution of instability times for a given planet separation. We
investigate both the time to the initiation of instability through a close encounter and
the time to a planet-planet collision. We find that a significant portion of systems
with non-zero mutual inclinations survive after a close encounter and do not promptly
experience a planet-planet collision. Systems with significant inclinations can continue
to evolve for over 1,000 times longer than the encounter time. The fraction of long
lived systems is dependent on the absolute system scale and the initial inclination
of the planets. These results have implications to the assumed stability of observed
planetary systems.
Key words: planets and satellites: dynamical evolution and stability – methods:
numerical
1 INTRODUCTION
Through various observational techniques, 628 multi-planet
exoplanetary systems have been confirmed1. Many of the
planets in these systems orbit in close proximity to each
other. Examples of compact systems are Kepler-11 with six
planets within 0.5 AU of a G-type star (Lissauer et al. 2011)
and TRAPPIST-1 with seven planets within 0.06 AU of
an M-dwarf star (Gillon et al. 2017). Most of the high-
multiplicity systems are “dynamically packed”, so that an
additional planet would be unstable (Fang & Margot 2013).
Both Pu & Wu (2015) and Volk & Gladman (2015) show
that dynamical instabilities can clear out planetary embryos
that are initially even more packed to form the observed sys-
tems. In the post-gas disk phase, eccentricities of embryos
will grow through gravitational perturbations until their or-
bits cross. When the bodies encounter one another the sys-
tem enters a time of chaotic evolution.
A planetary system with only two bodies can be strictly
stable when the difference between the semi-major axes ex-
ceeds 2
√
3 times their mutual Hill radius (Gladman 1993).
? E-mail: david.rice@unlv.edu
1 exoplanets.eu, as of May 1, 2018
The mutual Hill radius is defined as
RH = [(m1 + m2)/3M]1/3[(a1 + a2)/2], (1)
where m1 and m2 are the planetary masses, a1 and a2 are
their semi-major axes, and M is the mass of the central body.
Consequently, planet separation can be defined in terms of
a spacing parameter, ∆, as
a2 − a1 = ∆RH . (2)
In systems with more than two planetary bodies the
energy and angular momentum of a given planet pair are
not conserved because of perturbations from the additional
planets. This results in the orbits of the planets eventually
crossing one another, even in systems with initially large
separations. Chambers et al. (1996) is one of the first to
study these complex interactions as they pertain to multi-
body systems. Through orbital calculations of equal-mass
protoplanets on initially circular and coplanar orbits, they
find an exponential relationship between the orbital spacing
and the time from initial conditions to the first close en-
counter (defined as a separation of less than one mutual Hill
Radius). We refer to this time as the “encounter time”. The
empirical relationship is given by
log(t) = b(∆) + c. (3)
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The values of the constants depend on planet mass, multi-
plicity, eccentricity and inclination (Chambers et al. 1996;
Yoshinaga et al. 1999).
Numerous studies explore this relationship but limit
their analysis by equating the “instability time” of the sys-
tem with the encounter time (Veras & Armitage 2004; Smith
& Lissauer 2009; Pu & Wu 2015). Other studies further limit
the parameter space by analyzing only coplanar systems
(Zhou et al. 2007; Faber & Quillen 2007; Shikita et al. 2010;
Matsumoto et al. 2012; Morrison & Kratter 2016; Obertas
et al. 2017). Ford et al. (2001) and Ford & Rasio (2008) in-
vestigate the effect of these two constraints in two planet sys-
tems. For the case of non-coplanar, multi-body systems, the
timescales of system-shaping events are analyzed in the spe-
cific case of Kepler-11 by Hwang et al. (2017) and in close-in
systems of a < 0.15 AU by Petrovich et al. (2014). Addition-
ally, Chatterjee et al. (2008) and Dawson et al. (2016) detail
the final orbital properties of planets and embryos after a
planet-planet scatterings and collisions.
Here, we investigate non-coplanar, equally-spaced,
multi-body systems by simulating a large number of ide-
alized planetary systems with varying semi-major axes and
mutual inclinations. We extend the results of Petrovich et al.
(2014) out to 100 AU (beyond the regime where the planet-
planet encounter energy is comparable to the planet-star
binding energy). We investigate not only the timescale of
close encounters but also the timescale of a planet-planet
collision. By using non-coplanar systems, we find significant
differences from previous coplanar studies on the timescales
of instabilities depending upon how the instability time is
defined.
Our paper is laid out as follows. In Section 2 we outline
the setup of our near-coplanar systems and show our agree-
ment with Chambers’ encounter time. We then examine at a
given orbital separation the distribution of encounter times
in Section 3. In Section 4 we increase the integration time of
our simulations to analyze the time from initial conditions
to the first collision between a pair of planets (referred to
from here on as “collision time”). In Section 5 we vary the
initial inclinations and eccentricities given to the planets and
look at the evolution of those orbital elements. Determining
which planets are involved in the instability events is inves-
tigated in Section 6. Finally, we present our conclusions and
discuss the implications of this work in Section 7.
2 SIMULATIONS
We use N-body integrations to evolve planetary systems in
order to study the timescales over which instability is mani-
fested. Our simulations use the Bulirsch-Stoer (B-S) Method
in the software package Mercury6.2 2 (Chambers 1999). The
accuracy parameter is kept at 10−12. The initial time-step
is always set at a time less than 1/20th of the innermost
planet’s period. The central body has a mass of 1.0 M and
a radius of 0.005 AU throughout the study.
We use suites of 1,000 simulations, each containing four
Neptune-like planets. Each planet has a mass of 10−5 M
2 Mercury6 can be found at
http://www.arm.ac.uk/ jec/home.html
and a density of 2.00 g/cm3. We start our systems with the
planets spaced by a constant spacing parameter. The inner-
most planet is placed at 1.0 AU while subsequent planets’
semi-major axes are determined by the orbital separation
imposed on the system. Specifically, from Equations (1) and
(2), each subsequent planet’s semi-major axis is
a2 = a1(2 + ∆K)/(2 − ∆K), (4)
where K for planets of equal mass, m, is (2m/3M)1/3. We do
not consider atmospheric interactions of Neptune-like plan-
ets (Hwang et al. 2018) or the observed orbital parameters
of similar exoplanets (Mazeh et al. 2016). The initial choices
are made to keep instability times short and the effects of
mass and radius apparent.
We choose inclinations and eccentricities from Rayleigh
distributions, which Fang & Margot (2013) showed to be
the approximate distribution of observed systems. For our
first study we use systems that are near-circular and near-
coplanar to be comparable with Chambers et al. (1996). We
use a Rayleigh scale parameter of 10−5 ·√2/pi giving us ran-
dom values between 10−6 and 10−4. For each planet the argu-
ment of pericenter, longitude of the ascending node, and the
mean anomaly are chosen randomly from 0 − 360 degrees.
The planets are given no spin angular momentum. Initial
conditions of the planets and their orbits are summarized in
Table 1.
As an initial test, we investigate the relationship be-
tween orbital spacing and encounter time. A close encounter
in our simulations is a planet conjunction of less than one
Hill Radius. We run suites of simulations with the above ini-
tial conditions at integer orbital spacing between 2 ≤ ∆ ≤ 8
with the innermost planet at 1.0 AU. Fig. 1 shows the re-
sulting exponential relationship. A least-squares fit to the
data results in a slope of 1.1047 ± 0.0024 and an intercept
of -1.7479 ± 0.0124 with a correlation coefficient of 0.983.
We compare our work to Chambers et al. (1996) by pre-
dicting a relationship for our systems. Since Chambers et al.
(1996) does not consider four-planet systems, We average
the reported least-squares fit for systems of three and five
planets each with mass of 10−7M. As discussed in Cham-
bers et al. (1996), the mass of the planets primarily influ-
ences the intercept while the slope only has a small depen-
dency on mass. We correct the interpolated relationship from
10−7M planets to 10−5M planets by applying the synodic
period correction to the intercept found in Chambers et al.
(1996). The predicted relationship has a slope of 0.971 ±
0.058 and an intercept of -1.513 ± 0.328. Our data is within
the error of the predicted intercept. The slope of our data is
higher than predicted, but by averaging the three and five
multiplicity systems we assumed that the slope varied lin-
early with planet multiplicity, which is not expected. Some
of the more detailed structure of the relationship is due to
nearby mean-motion resonances (MMR) which is explored
in detail in Obertas et al. (2017).
3 TIMESCALE TO FIRST ENCOUNTER
With our suites of simulations at each integer ∆, we look at
the distribution of encounter times in each suite. This en-
counter timescale distribution was first analyzed by Chat-
terjee et al. (2008). We initially analyzed several suites, but
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Table 1. Initial conditions for each of the four planets in our first simulations.
Value/Values Details
Mass (M) 0.00001 fixed
Density (g/cm3) 2.00 fixed
Semi-Major Axis (AU) 1.00 - 1.33 Eq.(4) Values show range for ∆=5
Eccentricity ≈10−6-10−4 Rayleigh random around 10−5
Inclination (◦) ≈10−6-10−4 Rayleigh random around 10−5
Arg. of Pericenter (◦) 0 - 360 Random
Long. of Ascend. Node (◦) 0 - 360 Random
Mean Anomaly (◦) 0 - 360 Random
2 3 4 5 6 7 8
 (mutual Hill radii)
1
0
1
2
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4
5
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8
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g(
yr
)
+2 SD
mean
2 SD
Linear Regression
Predicted using Chambers
Figure 1. 1,000 systems of equally spaced planets are simulated
at each integer orbital separation (∆) from 2 to 8 mutual Hill radii.
Each system contains four 10−5M planets on near-circular and
near-coplanar orbits. We show in log-time the mean and ±2σ time
from initial conditions to the first close-encounter of less than one
Hill Radius for each integer spacing. Our exponential relationship
between orbital separation and close encounter time is compared
to a predicted relationship from averaging the linear regressions
reported in Chambers et al. (1996) with synodic period correction.
choose to consider the ∆ = 5 suite in detail throughout the
rest this study. Fig. 2 shows the probability density function
for our near-circular and -coplanar systems. The distribution
of encounter times is shown to be log-normal by a normality
test with a p-value of < 0.05 (D’Agostino 1971). The distri-
bution has a mean of 3.53 log-yrs and standard deviation of
0.219 log-yrs.
We test the ubiquity of the encounter timescale distri-
bution by making small variations to a system. From the
original 1,000 systems we choose three systems across the
distribution: one with a short encounter time, one near the
median time, and one with a long encounter time. We create
1,000 replicas of each of those systems. In each replica, we
change the argument of periapsis of one randomly selected
planet by adding a normally distributed random variable
with standard deviation of 10−4 degrees. After making this
change, the original distribution of encounter times was re-
covered for all three suites (Fig. 3). The distribution of en-
counter times for systems with small differences expands to
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log(yr)
0.0
0.5
1.0
1.5
2.0
Pr
ob
ab
ili
ty
 
KDE
Model Gaussian
Figure 2. The probability density function of encounter times
for equally spaced systems of ∆ = 5 shown as a normalized his-
togram and as smoothed by a Gaussian kernel density estimator
(KDE). The KDE has a bandwidth determined by Scott’s rule
namely, n−1/(d+4), where n is the number of data points and d is
the number of dimensions (Scott 2015). The KDE is compared to
a model normal distribution using the sample mean and standard
deviation in log-space.
become virtually identical to the distribution for the initial
systems3.
Since the encounter time depends upon the planet sep-
arations as measured in mutual Hill radii, and the Hill radii
are proportional to the semi-major axes, we expect the dis-
tribution of encounter times to be independent of the scale
of the system—the initial semi-major axes of the planetary
orbits—at least until some other physical scale becomes rele-
vant to the dynamics. To test this assumption, we run suites
with equal-spacing of ∆ = 5, but scaling the system by plac-
ing the innermost planet at 0.01, 0.1, 1.0, 10, and 100 AU.
The results are shown in the left set of panels in Fig. 4. The
orbital period of the planets grows with system scale, so to
compare the distribution shapes we measure time in orbits
of the innermost planet at its initial position. In this di-
3 We note that an ensemble of these random system variates
will yield a small fraction that do not reproduce the initial
distribution—especially very near its extremes. This situation is
likely due to the effects of resonances or encounters very near the
start of the simulation.
MNRAS 000, 1–9 (2018)
4 D. R. Rice et al.
3.0 3.5 4.0 4.5
log(yr)
0.0
0.5
1.0
1.5
2.0
2.5
Pr
ob
ab
ili
ty
Short System
Median System
Long System
Figure 3. Normalized histograms of encounter times for the three
suites of replicas created from the chosen systems. Dashed lines
mark the encounter time of the original “short”, “median”, and
“long” system chosen. All 1,000 systems in each suite have iden-
tical initial conditions to the chosen system except for a small
change in the argument of periapsis of one random planet. The
change is made by choosing a random number from a normal dis-
tribution around the original argument of periapsis with standard
deviation of 10−4 degrees.
mensionless unit, the distributions are visually similar. The
percent difference in mean encounter time between the 0.01
AU systems and 100 AU is only 3.68%.
4 ENCOUNTER TO COLLISION
After planets undergo a close encounter, the system enters
an era of chaotic evolution often marked by large changes in
the orbits of the planets. The ultimate manifestation of the
system’s instability is a planet-planet collision, planet-sun
collision, or planet ejection. By continuing the integration
of our ∆ = 5 simulations, we compare the difference in the
distributions of encounter times and collision times. We use
a simple definition for planetary collisions by recording when
the planet’s radii cross. The six suites used in the previous
section, Section 3, are continued to the first planetary col-
lision. The maximum integration time is set to 107orbits of
the innermost planet at its initial position—three orders of
magnitude longer than the latest first encounter and long
enough to identify trends (though not all systems have colli-
sions in that time). No ejections or collisions with the central
body are observed over all suites.
We find that a portion of systems evolve without a col-
lision for a long period of time after their first encounter. In
the 1.0 AU, ∆ = 5 suite seen in Fig. 5 about 72% of systems
follow the encounter time distribution. We describe these as
having a“prompt”collision, which for our purposes we define
as tcol/tenc ≤ 3 where tcol/tenc is the ratio of the collision
time to the encounter time. The remaining ' 28% of systems
are“long lived”and have collision times that are broadly dis-
tributed across the duration of the simulations. Sixteen of
the one thousand systems do not have a collision within the
integration time, and only five of those systems collide if the
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Figure 4. Left, normalized histograms of encounter times for
1,000 systems with ∆ = 5 and four near-circular and near-coplanar
planets. Right, normalized histograms of collision times. Time is
transformed into a dimensionless unit by dividing by the period
of the innermost planet at it’s initial position. Systems from top
to bottom are scaled by changing the innermost planet’s semi-
major axis in multiples of 10 from 0.01 AU to 100 AU (noted on
the right). The number of systems having an event within the
integration time is labeled ‘n’. One system had an error in the
100 AU suite and was left out.
integrations are extended to 107.5 orbits. The distribution
of collision times is recovered when making perturbations
to select systems as done in Fig. 3 for the distribution of
encounter times.
Although the absolute scale of the system—as charac-
terized by the semi-major axis of the innermost planet—
was shown to have no effect on the distribution of encounter
times (Section 3), the average collision time increases with
the scale of the system (Fig. 4 Right). With the innermost
planet at 0.01 AU the distribution of collision times is vir-
tually identical to the distribution of the encounter times.
At larger scales, however, the majority of systems become
long lived systems with tcol/tenc ≥ 3. In the suite with the
innermost planet at 100 AU only 12% of systems have a
planet-planet collision within our integration time of 107 or-
bits.
For a system of low-∆ to “survive” for a relatively long
period of time following the initial encounter, it must be ex-
periencing additional encounters that do not cross to within
the radii of the planets. When the innermost planet is at
MNRAS 000, 1–9 (2018)
Survival of closely-packed systems 5
103 104
Years to First Close Encounter
103
104
105
106
107
Y
ea
rs
 to
 F
irs
t C
ol
lis
io
n
Figure 5. A comparison of each system’s time from initial condi-
tions to a planet-planet collision versus the encounter time for the
suite of 1,000 system with ∆ = 5 and the innermost planet at 1 AU.
The lower solid lines marks when the collision and encounter are
simultaneous. The upper dashed line marks our chosen threshold
between prompt and long lived systems, tcol/tenc = 3. A majority
of systems have a prompt collision soon after the close encounter.
16 systems that were without a collision within the integration
time have been removed.
0.01 AU, the planet’s radius is close to 60% of it’s Hill Ra-
dius and collisions occur promptly. While, at large scales,
the radius of the Hill Sphere is much larger. Thus the prob-
ability is lower that a close encounter of less than one Hill
Radius is also within the radius of the planet. With a lower
collision probability the system has longer to evolve before a
collision. We see in the following section how this evolution
leads to long lived systems.
5 EVOLUTION OF ECCENTRICITY AND
INCLINATION
We now investigate the dynamical evolution of the long-
lived systems that survive following a close encounter. We
analyzed the evolution of inclination and eccentricity in our
suite of systems with the innermost planet at 1 AU and
∆ = 5. Initially, the root mean square (RMS) eccentricity of
the four planets in each simulation has a typical values of
10−5, which grows rapidly (less than our shortest recorded
time of one hundred orbits) to a quasi-equilibrium value of
∼ 10−2 (see Fig. 6). Over time, the eccentricity distribu-
tion spreads such that its tail reaches large enough eccen-
tricities for close encounters between planets to occur. As
the encounters begin, the RMS eccentricities transition to
a new evolutionary path where they continue to grow with
a power-law form of approximately e ∝ t1/6. Such behavior
cannot persist indefinitely given the maximum eccentricity
of bound orbits. However, it does persist over at least three
orders of magnitude in time—during which the mean eccen-
tricity grows from ∼ 0.1 to ∼ 0.3.
In conjunction with the eccentricities, the RMS inclina-
tion in a system also increases. One difference is that while
the eccentricities quickly rise to a small equilibrium value,
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Figure 6. The evolution of inclination, top, and eccentricity, bot-
tom, for each of the 1,000 near-coplanar systems is shown on a
log-log scale. Each system is represented by a thin, blue line that
traces the root mean square value of the four planets in the sys-
tem. Inclination is measured in degrees from the initial ecliptic
plane. The mean inclination/eccentricity of surviving systems is
shown as a thick, red line. Orbital elements are recorded every
100 years.
the inclination in each system remains around the initial,
near-coplanar values until the first close encounter occurs.
Inclinations are measured from the initial ecliptic plane. Af-
ter the first encounter, the RMS inclination grows quickly
through the first few encounters to a value of a few degrees.
Then the inclinations across the suite follow an evolutionary
path similar to that of the eccentricities—with the typical
RMS inclination of the system scaling as i ∝ t1/3. The evolu-
tion of inclination in each system can be seen in Fig. 6. Both
RMS inclination and RMS eccentricity are also shown on a
linear-log plot in Fig. 7 compared with the distributions of
encounter and collision times.
To test whether or not this evolution changes with dif-
ferent initial conditions, we ran six suites of simulations with
varying initial inclinations. The inclination of each planet is
chosen from a Rayleigh distribution where the mean value of
the distribution increases by multiples of ten from 5×10−5 to
5.0 degrees. We found consistent results. Inclinations remain
near the initial conditions up to the first encounter, followed
by a steep rise over a factor of ten in time to an RMS inclina-
tion of around one degree. After that, the inclinations grow
more slowly at the rates reported in the previous paragraph.
While the growth of inclination was similar across our
range of starting values, different initial mutual inclinations
did change the average lifetime of the systems. Fig. 8 shows
that giving the suite a larger initial inclination distribution
causes the population that experiences a prompt collision to
diminish and the typical time to the first collision to grow.
Once the initial inclinations are of order one degree, we see
that systems no longer have prompt collisions and the distri-
MNRAS 000, 1–9 (2018)
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Figure 7. The evolution of RMS inclination, top, and RMS ec-
centricity, middle, for the four planets in each 1,000 near-coplanar
systems is shown on a linear-log scale. Inclination is measured in
degrees from the initial ecliptic plane. Bottom, normalized his-
tograms of both encounter times and collision times for compari-
son of when events occurred.
bution of collision times becomes almost entirely detached
from the distribution of encounter times. The increase in col-
lision time with increased inclination has also been reported
in Dawson et al. (2016) and Matsumoto & Kokubo (2017).
A final representation of the relationship between incli-
nation and collision time is given in Figure 9. For the initially
near-coplanar suite, it shows the ratio of the collision to en-
counter time as a function of the system’s RMS inclination
near the time of the first planetary collision (our time res-
olution is 100 years). A majority of systems with prompt
collisions have inclinations < 1◦ near the time of the colli-
sion. A striking feature appears at ∼ 1◦ where systems begin
to be long lived, tcol/tenc > 3. The long lived systems can
have inclinations as large as 10◦. The RMS inclination where
the bend toward long lived systems occurs corresponds to
the average ratio of the Hill Radius to the semi-major axis
(the “normalized” Hill radius). For our systems of 10−5M
planets this ratio is
ic ' RHa '
( mp
3M
) 1
3 ' 0.86◦. (5)
We see in Equation (5) that the critical inclination for
long lived systems (the normalized Hill radius) depends only
on the mass of the planets and the central star—not on their
densities or physical sizes. In order to show the mass depen-
dency, we run two suites of systems with equal planet masses
of 10−7M. The spacing, which depends on the planet mass,
was kept at ∆ = 5. In the first suite, we keep the original den-
sity of 2.00 g/cm3. In the second, the planet radius is kept
constant by changing the density to 0.02 g/cm3. The critical
inclination from Eq. (5) for 10−7M planets is approximately
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Figure 8. Normalized histograms of encounter times and collision
times for suites of simulations with increasing initial inclination
(noted on the right in degrees). The number of systems that had
a planetary collision within the integration time of 107 years is
also noted.
0.18◦. Seen in Fig. 9, the inclination where long lived systems
become prominent for both lower-mass suites corresponds to
this predicted critical inclination—despite the factor of 102/3
(' 4.6) difference in planet radius.
Also of note is the amount of long lived systems. Using
our criteria of the collision time being three times greater
than the encounter time, 28% of the 10−5M systems are
long lived. Systems with the same density and 10−7M plan-
ets are 35% long lived. (Systems that do not have a collision
within the integration time are also considered long lived.)
However, in the low-mass/low-density suite, all the systems
experience a collision within the integration time and only
8% of systems were long lived. In these systems the inflated
planet size makes the planet fill a larger portion of its Hill
sphere—giving them a larger collision cross section for each
encounter.
These results show the interplay between the inclination
of a system and the collision time. Even in low-inclination
systems, the inclination of a planet can grow through close
encounters. When the RMS inclination is larger than the ra-
tio of the Hill radius to the orbital distance, the time of col-
lision is no longer described by the size of the planet within
the Hill sphere. We see in our simulations that systems that
initially have (Fig. 8) or that evolve to have (Fig. 9) the
critical inclination have a distribution of collision times that
is decoupled from the distribution of encounter times. The
three-dimensional nature of their orbits are realized once
MNRAS 000, 1–9 (2018)
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Figure 9. The ratio of the collision time to the encounter time in
a system is shown against the RMS inclination in log-degrees of
the four planets. The properties of each system is measured within
the 100 years prior to the collision event (the time resolution of
our analysis). The three suites shown are the ∆ = 5, near-circular,
and near-coplanar systems with four planets of the given mass and
density. The solid line marks our threshold for long lived systems.
A bend occurs at the inclination that a majority of long lived
systems reach before a collision. In the 10−5M suite, long lived
systems have inclinations larger than 0.86 (∼ 10−0.07) degrees. In
the 10−7M suites, long lived systems have inclinations greater
than 0.18 (∼ 10−0.7) degrees. The 10−7M suites are integrated
for 106 years while the 10−5M suite is integrated for 107 years.
the mutual inclination is larger than the normalized Hill
radius (Equation 5) and they are no longer strictly cross-
ing. The inclination can continue to increase through close
encounters—further lengthening the system’s lifetime.
6 COLLISION BRANCHING RATIOS
The difference between systems that undergo a prompt col-
lision and long lived systems can also be seen in the planets
that are involved in the collision. In all of our suites, the fre-
quency with which planet pairs are involved in the first close
encounter is similar. Over 99.5% of systems have the first
encounter between neighboring planets. The most common
encounters (over 40%) are between the middle two planets.
Encounters between the inner two and outer two planets are
equally likely, with each occurring in roughly 30% of the sys-
tems. These frequencies can be seen in the left of Fig. 10 for
two suites of simulations with different initial inclinations—
5 × 10−5 degrees and 5.0 degrees.
The right side of Fig. 10 shows the frequencies of planet
pairs that are involved in the first collision. We show that the
frequencies are affected by how long the systems typically
survive following the first encounter. In our near-coplanar
suite, the first collision occurs between nearest neighbors
about 75% of the time—a similar rate to the number of sys-
tems with prompt collisions. Prompt collisions do not always
occur between the same planets that had the first close en-
counter, but it remains more likely for nearest neighbors to
collide.
The initially inclined systems, on the other hand, are
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Figure 10. The frequencies of which planets are involved in an
instability event in the 1,000 systems with initial inclinations
around 5× 10−5 degrees, top, and around 5 degrees, middle. Plan-
ets are labeled sequentially by their initial position from inner-
most to outermost. Left shows which planet on the x-axis was
encountered by the planet of the corresponding color during each
system’s first close encounter. Right similarly shows which plan-
ets were involved in each system’s first collision. Bottom shows
the frequencies of planet pairs that are involved in the collision
in the inclined systems when the planets are renamed by their
position from inner to outer within 100 years before the collision.
almost entirely long lived as shown in Fig. 8. The per-
cent of systems with a collision between nearest neighbors
is around 50%—significantly less than the frequency in the
near-coplanar suite. In Fig. 10 we show that the probabil-
ity of any two planets colliding is approximately one-sixth
(≈ 16%) with only a slightly higher probability for the in-
nermost planets. The first collision in these systems occurs
with roughly equal probability between any planet pair, re-
gardless of their initial position. Lastly, in Fig. 10 we recover
collision frequencies similar to that of the non-coplanar suite
when the planets are renamed in each system from inner
to outer within 100 years prior to the collision event. The
collision occurs between planets which are neighbors within
100 years before the collision in approximately 90% of the
systems. We expect that the other 10% of systems where
non-neighbors collide have high eccentricities.
These results suggests that the orbits of the planets in
long lived systems are significantly mixed from their initial
MNRAS 000, 1–9 (2018)
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order before a collision event. When we examine individual
systems we see this is the case. Systems remain in chaotic
evolution between the first encounter and collision. During
this period, the planets experience multiple changes in semi-
major axis which are often larger than a 10% change.
7 CONCLUSION
We studied the distributions of instability times in systems
of four, equally-spaced, Neptune-like planets. We investi-
gated the difference between measuring instability time as
the time from initial conditions to the first close encounter
and as the time to the first planet-planet collision. Our find-
ings, and their implications, are summarized as follows:
(i) The distribution of encounter times for systems of a
given orbital separation is approximately log-normal and it
spans an order of magnitude in the number of orbits of the
innermost planet. The encounter time distribution is inde-
pendent of the innermost planet’s semi-major axis as ex-
pected from dynamical scaling relationships (the Hill sphere
being proportional to the orbital distance).
(ii) After experiencing a close encounter, an unstable sys-
tem with non-zero mutual inclination can persist without a
collision for a much longer period of time. The ratio of the
collision time to the encounter time can be a few orders of
magnitude, tcol/tenc  1.
(iii) In a long lived system, which is dynamically unstable
but has not had a collision event, the first few close encoun-
ters set the RMS eccentricity and inclination of the system
onto a new evolutionary path where the RMS eccentricity
grows as e ∝ t1/6 and the RMS inclination grows as i ∝ t1/3.
(iv) If planets in a non-coplanar system fill a majority
of their respected Hill spheres the collision time is similar
to the encounter time and follows approximately the same
distribution as encounter time. However, when the planets
are much smaller than their Hill Sphere the probability of
a collision is decreased, and the system has more time to
excite inclinations through multiple close encounters.
(v) Systems that either initially have, or evolve to have,
mutual inclinations that are larger than the average ratio
of each planet’s Hill Radius to its semi-major axis (Eq. 5),
do not experience prompt collisions. The average time of a
collision in a system with raised inclination is much longer.
Systems with significant inclinations have tcol/tenc ≥ 3 (our
chosen cutoff for a prompt collision) with some not experi-
encing a collision for tcol/tenc ≥ 1000.
(vi) In systems with prompt collisions, planets that are
initially nearest neighbors are most likely to be involved in
the collision. Long lived systems experience ongoing changes
to the orbits of the planets and exhibit no preference as to
which planets collide. However, when the reordering of plan-
etary orbits during the system’s dynamical evolution is ac-
counted for, nearest neighbor collisions are again preferred.
These results have some implications for the stability
of systems similar to TRAPPIST-1. From the parameters in
Grimm et al. (2018), we find the spacings of the TRAPPIST-
1 system range from ∆ ≈ 6.8 − 13.4. Using the relationship
for Earth-mass systems in Obertas et al. (2017), the smallest
spacing yields an expected close encounter time of 105.3 or-
bits of the innermost planet. For TRAPPIST-1 this is only
about 800 years—much less than the 7.6 Gyr age of the
system (Burgasser & Mamajek 2017). The observed orbital
resonances (Luger et al. 2017; Matsumoto et al. 2012) must
be invoked to explain TRAPPIST-1’s long term stability
(something we do not consider in this work).
However, consider a TRAPPIST-1-like system that has
its inner planet at 1.0 AU and is not protected by resonances.
This system could have an encounter timescale on the order
of a few Myr (if it were in the rightmost tail of the en-
counter distribution—see Fig. 2). Our results suggest that
such a system could survive multiple orders of magnitude
longer following a close encounter. If that system had incli-
nations above ' 1.2◦, from Eq. (5) with TRAPPIST-1 star
and planetary masses, it could survive without a collision
for Gyr timescales. The range of typical mutual inclinations
for Kepler multis encompasses this critical inclination—
1.0◦ < iKepler < 2.2◦ (Tremaine & Dong 2012; Fang & Mar-
got 2012; Fabrycky et al. 2014). We show in Fig. 7 that long
lived systems will be observed to have large eccentricities
and inclinations. Furthermore, systems with slightly larger
separations, with encounter timescales of 10 to 100 Myr,
could survive for the lifetime of a typical G-type star. Thus,
the systems that we observe today, and that we initially as-
sume are stable given the age of the host star, may in fact
have long ago experienced the encounter that would tradi-
tionally mark them as unstable. It remains unclear the full
ramifications of this finding. However, when interpreting ob-
servational data, it does suggest that some caution be exer-
cised when constraining the orbital parameters of a system
by invoking dynamical stability.
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